A combination of vectorial form of wave method (VWM) with Fourier expansion series is proposed as a new vehicle for free and forced vibration analysis of stepped cylindrical shells with multiple intermediate flexible supports. The flexible supports can include springs with arbitrary properties in the possible directions. Based on Flügge thin shell theory and VWM, the reflection, propagation, and transmission matrices for a circular cylindrical shell are defined. Furthermore, contiguous vector-matrix relationships are established for free and forced vibration analysis of the issue including an arbitrary number of the discontinuities in the shell thickness, or shell steps, and intermediate supports. Using these vector-matrix relations, the equations of motion as well as the system continuity are well satisfied. Dimension of these vectors and matrices are completely, independent of the number of the applied supports and geometrical steps in the shell. Hence, the present approach provides excellent computational advantages and modeling flexibility compared to the conventional vibration analysis methods available in the literature. The results of the present study are compared with the results available in the literature as well as the results of finite element method (FEM) and found in excellence agreement. Furthermore, as a case study case, a cylindrical shell with three flexible intermediate supports and also three geometrical steps is considered. The natural frequency and mode shapes of the issue are derived, and the forced responses of the shell subject to point load excitation are reported.
INTRODUCTION
Using intermediate supports for long pipe uniform or non-uniform shells in many industries is a common way for protecting the system from the occurrence of resonance failure and improving the system robustness. In this regard, rigidity consideration for the supports applied, called classical supports, is an over simplified assumption bring significant deviations between the theoretical and experimental results. It is clear that as much as the characteristics of non-rigid supports can play a great rule on variation of the responses of the whole vibrating system. In addition, existence of discontinuity in the shell thickness or shell steps is inevitable in many industrial elements such as accumulators, fluid tanks and pipes. Hence, following the importance of the support characteristics and the nonuniform thickness of the shell in the practical application, the researchers have been encouraged to examine these effects on the vibration analysis of shells like in Zhou et al. (2012) , Qu et al. (2013) , Chen et al. (2015) , Chen et al. (2013) , and finally Wang et al. (1997) . In this way, different numerical methods, e.g. finite element method (FEM) like in Salahifar and Mohareb (2012) , weighted residual method as in Qu et al. (2013) , generalized differential quadrature method (GDQ) as in Loy et al. (1997) , and analytical solutions, e.g. close form solutions as those represented by Chen et al. (2013) , wave based method (WBM) like in Chen et al. (2015) , transfer function method (TFM) as in Zhou et al. (1995) and state space techniques (SST) like in Zhang and Xiang (2007) , are proposed for analysis of such systems.
Analytical modeling of vibrations of uniform shells with interior supports has been a critical issue in the recent analytical studies, perhaps due to requirement of satisfying the continuity and the support conditions simultaneously, like in Qatu (2002) , Xiang et al. (2002) , Zhang and Xiang (2006) and Loy and Lam (1997) . Hence, a few researches been conducted in this area, and their proposed methods are numerated and contain several limitations. For example Xiang et al. (2002) solved the issue of free vibrations of a uniform shell with several intermediate ring-, or radial rigid-supports. They proposed a state-space technique combined with domain decomposition method in order to satisfy continuity as well as support conditions of the issue. In this direction, Zhang and Xiang (2006) with the same methodology proposed in Xiang et al. (2002) , solved the problem of free vibrations of a uniform open shell with multiple intermediate Ring Supports (RS) . Although the results of the method proposed in Xiang et al. (2002) are promising as an analytical method, the applied intermediate RS were not flexible and were only limited in the one direction, i.e. radial direction. The vibration analysis of stepped shells and modeling of the flexible supports are possible using the numerical methods, e.g. FEM where proposed in Qu et al. (2013) . However, solving the problem demands several degrees of freedom for the issue and accordingly extensive memory resources and high computational resources (this important evaluated in Qu et al. (2013) ). Moreover, in special applications such as designing with optimization, systems controls, inverse problems, and real time applications, accurate and fast system responses as well as low system memory are required simultaneously. Thus, in the mentioned applications, applying the conventional and efficient numerical methods like FEM may fail to capture the shell response within a reasonable computational time and accuracy.
In contrast with the numerical methods that demand high memory and computational costs, the analytical approaches requires not only low memories but also low computational costs. However, as mentioned, the available analytical methods are deal with major limitation on introducing flexible intermediate supports. Hence, it is clear that developing new approaches which are capable of provid-ing robust, fast, and accurate results for vibration analysis of shells, is highly demanded to deal with the design problems with less limitations and more capabilities.
Vectorial wave method (VWM) is a well-known method, which was first introduced by Mace (1984) and applied to free and forced vibration analysis in straight beams. Thereafter, VWM was applied in vibration analysis of several wave guide elements such as bars, Hagedorn and Das-Gupta (2007), straight-,Mase (2005) , and curved-beams and frames in two, Lee et al. (2007) , or three dimensions, Mei (2016) , rings, Huang et al. (2013) , plates, Ma et al. (2015) and Renno and Mace (2011) , and membranes, Bahrami et al. (2012) . However, this method has not been extended for other mechanical elements such as shell like geometries.
Review of the literature shows that there have been few attempts for extension of VWM to more complex issues such as existence of multiple geometrical steps or multiple intermediate supports in considered geometry. Nikkhah- Bahrami et al. (2011) have proposed a modified form of VWM for free vibration analysis of non-uniform mechanical elements (beams) with arbitrary numbers of discontinuities. They demonstrated that by distinctive combinations of VWM matrices and their inversions, it is possible to provide a reduced order vector-matrix relationship, independent of number of discontinuity of the considered issue. However, due to singularity of the reflection and transmission matrices in the vicinity of rigid intermediate supports, the proposed method in Nikkhah- Bahrami et al. (2011) , cannot be extended to the issues with intermediate supports. To the authors' best knowledge which is supported by a critical literature survey, the VWM has not yet been utilized for vibration analysis of shell elements or problems with interior supports perhabs due to lack of establishment of proper wave vectors and relevant matrices.
The present study aims to extend VWM method to the case of stepped cylindrical shell elements with interior flexible supports, as barriers in the direction of the wave dispersion. Hence, proper wave vectors and relevant matrices relationships for these kinds of wave barrier are stablished. By introducing a canonical relationship between carrier waves and the displacement field, a general case study including possible barriers in the path of wave motion, flexible intermediate support types and geometrical steps, are considered. Base on carrier wave vector motion in each shell segment and communication between the waves in all the shell interfaces, extended VWM is utilized for free and forced vibration analysis of cylindrical shells with discontinuities in their thickness in the presence of several intermediate flexible supports. Figure 1 shows a cylindrical shell with the length L, thickness h, Poisson ratio μ, Young's modulus E, density ρ and middle layer radius a. The governing equations of motion based on Flügge theory for a cylindrical shell as demonstrated in Figure 1 can be expressed as follows: 
GOVERNING EQUATIONS
where, Lij (i,j=1,2,3) are differential operators as shown in appendix A. Furthermore, ux,θ,r tions, respectively. Using time harmonic functions and complex Fourier expansion in the circumferential direction, as to satisfy Eq. (1), the displacement fields can be represented in the respective directions as: 
where, C is a constant;  and  are displacement ratios, which are respectively introduced as α=u θ /ux and β=ur/ux. In Eq. (2), λ is the wave number, n is the circumferential mode number (or integer constant of the Fourier terms) and ω is circular frequency. In fact, Eq. (2) consists of the displacement field regarding to all possible real and imaginary excitation responses of the shell. To obtain real parts of the calculated results, a half-range expansions of the Fourier series is enough for the issue, i.e. n=0 to ∞. To establish the parameters of λ and ω, Eq. (2) is substituted in the equation of motion, Eq. (1), which yields :   0   1   4  33   2  33  33  33  23  13   2  23  23  23   2  22  22  22  12  12   3  13  13  13  12  12   2  11 
where Λ is a dimensionless wave number as Λ=λa, and χ ij (i,j=1,2,3) are the matrix elements. The expressions (A,B,C,D) ij (i,j=1,2,3) are given in Appendix B. To achieve the non-trivial results and hence the non-zero displacement fields, the determinant of the coefficients matrix in Eq. (3) should be equal to zero, i.e. | χij |=0.
By defining a dimensionless frequency Ω=ωa((1-μ 2 )ρ/E) 0.5 (or frequency factor) as the matrix square eigenvalues [ χij] , we can achieve a logical relationship among the dimensionless wave numbers Λ and frequency factor Ω with the aid of | χij |=0. These relations are established for all kind of velocities of wave's dispersion in the shell, i.e. the phase velocity and the group velocity of the waves (Lee et al. (2007) and Karczub (2006) ) where this issue will not be discussed here. Mathematically, |χij |=0 leads to a polynomial of degree four in terms of square of dimensionless wave number Λ 2 as follow: 
in which Ai (i=0, 2, 4, 6, 8) are five coefficients represented in the appendix C. The eight possible roots of Eq. (4) are analytically derived and discussed in appendix D. According to the wave theory, displacement fields, Eq. (2), can be expressed in the form of
e where expressions of r θ x U , ,  can be described as linear combinations of eight harmonic functions in the x, θ and r directions as follows: ) are the positive and negative going wave amplitudes of kind of carrier waves where in fact, they are carring Lamb waves in the axial direction of the shell. These wave amplitudes show the contribution of each corresponding wave in the displacement fields of the vibrating shell. These waves can be of kind of pure harmonic (or propagating waves), or harmonicdamping (or standing waves) or pure damping (or evanescent waves) waves depending on the corresponding wave number values (see appendix D). For the above composition, based on the conjugation of roots of Eq. (4), the wave numbers are arranged as
MATRICES OF WAVE MOTION

Force and Displacement Vectors
For free vibration analysis of a cylindrical shell via VWM, the vectors of positive and negative going waves, governing the problem, are required to be defined. Thus, the following form is considered for wave amplitudes: 
where, in the above set of equations, xx N and xx M are the force and moment resultants expressions as represented in the parameters which are introduced in the Appendix E. In Eq. (7), prime symbol (') indicates that the term is divided by To consider the impact of structural damping in cylindrical shell, the Young's modulus is adopted as
, where γ is the structural loss factor and Ê is a real coefficient of Young's modulus related to the material used in the cylinder.
Definition of Matrices ψ and φ
By defining certain interface metrics, it is possible to express the displacement and force vectors by the positive and negative going wave vectors, respectively. Hence, by substituting Eqs. (5) in Eq. (7) yields following relationship:
where,  ψ and   are matrices of displacement vectors and force vectors, respectively. These relations can be written as follows:
where, vectors of j φ and j ψ (j=1,…,8) as elements of  ψ and   , as follows:
are respectively membrane and bending stiffness of the shell. The relation between propagating wave vectors within the shell, e.g. 
where,  F , introduced in Eq. (6), shows the propagation matrices in a cylinder with the length of x=L.
Definition of Reflection and Transmission Matrices
Taking into account the effects of flexible supports on the vibrations of cylindrical shell, it is necessary to define the stiffness matrix. This matrix in location is defined as follows:
The diagonal elements
are the stiffness coefficients of springs which are extended evenly in arbitrary position on the cylinder. The diagonal shape of the matrix in Eq. (12) is appropriate for the linear vibration analysis of continuous systems, such as cylindrical shells.
Ended Supports
The boundary conditions at the right and left supports, depicted in the Figure 1 , should be satisfied. In order to satisfy these boundary conditions one can write:
According to Figure 1 , the vectors of the incident wave amplitudes in the left and right boundaries are 
where, B A, R are reflection matrices at the left and right borders of cylindrical shell, which can be defined by the following equations: It is clear that the set of equations of A R and B R in Eqs. (15) can satisfy the flexible boundary conditions for the both ends of the cylinder.
Wave Motion in Vicinity of Intermediate Supports and Shell Steps
In the analytical and semi-analytical solutions provided for the free vibrations of cylindrical shells, rarely can we find references on the flexible intermediate supports in the literature. The present sub section is intended to consider the effect of interior supports and shell steps on the vibration analysis of the cylindrical shell. Hence, Figure 3 shows incidence of a wave with a barrier including of a flexible support and a shell step. a . Thus, considering the continuity conditions and the balance of forces in the barrier between the i th and the (i+1) th segments of the shell, we have: (16), and according to the equality of geometric and mechanical properties of the cylindrical shell in each segment, the following equality is concluded:
Reflection and transmission matrices that connect the incident wave vector to the barrier,  
where,
is wave transmission matrix from left to right, i.e., from the i th to the (i+1) th segments,
r is the reflection matrix of the incident wave between the two mentioned segments. Using the results of Eq. (18) and rearranging Eq. (17), the reflection and transmission matrices can be obtained as:
where, I is a four by four identity matrix. In a same manner, the reflection and transmission matrices in the opposite direction, i.e. right to left direction, can also be obtained.
EXTENDED VECTORIAL WAVE METHOD
In Figure 4 , wave motion in a cylindrical shell with several elastic supports is shown. Accordingly, the relationship between the vectors of the output waves from the first intermediate support, i.e. a , is as follows (it should be noted that for homogeneous materials like the present issue we have 
Moreover, by considering
and using Eq. (20), we can write:
where,   1 , as a positive going inductor matrix, is defined as follows:
In a same manner, the following relation can be given between  where, the same as those given in Eq. (24),
Finally, in the n th segment of the shell, the following relations are established:
The above equations consist of four equations with for unknown vectors, namely 
To achieve a non-trivial solution for free vibration analysis of the issue, using Eq. (26), the determinant of the coefficient of  n b should be equal by zero. It should be noted that Eq. (26) is not a unique way for calculating the natural frequencies of the shell and we are able to write the same relations by the other wave vectors depicted in Figure 4 . For example, in a backward approach, for the waves that are moving in the vicinity of the (n-1) th intermediated support (or the last intermediate support) of the shell, we have:
Furthermore, in the n th segment or the last segment of the shell, we can write:
and using Eq. (27) and (28), it gives a relation between  1 n b and  1 n b as follows:
where,  1 n Γ is a negative going inductor matrix, which is defined as:
It is possible to obtain a general relationship between 
Wave motion in the first shell segment where depicted in the Figure 4 is considered here. By considering the canonical relationships between these wave vectors the following relations are governed:
The above set of equations consist of four equations with four unknowns, i.e. For example, solving the above set of equations by  0 a gives the following relation:
For non-trivial results in the above equation, the determinant of the coefficient matrix of  0 a must be zero, so we have:
Invoking Eq. (35), all of the natural frequencies can be determined for a stepped shell with several intermediate supports with individual arbitrary properties for the applied supports. It is interesting to notice that both determinations represented in Eq. (26) or (35) provide a unique result for the frequency analysis of the shell. To achieve the roots of Eq. (35), Wittrick-Williams stemming algorithm can be used (Lee et al. (2007) ). In addition, by normalizing the wave vector  0 a and setting it from Eq. (34) in terms of the natural frequencies of the system, the mode shapes can be obtained.
FORCED VIBRATION
Concentrated actuating (or sensing) in the form of ring loading or point loading are applicable for several industrial tests, e.g. non-distractive tests and vibration control (Mei (2009 ), Hu et al. (2015 , Jiang et al. (2012) , Kim et al. (2013) and Popov (2005) ). Ring excitation as a line loading (Achenbach (2003) ) is a harmonic loading in arbitrary position along with the axial direction of the shell and distributed on a circle around the shell. Indeed, the mode shapes of the shell can be excited distinctly using the response of the shell to the ring excitation. In the other hand, point load excitation enables us to excite all possible modes of the considered issue. In Figure 5 , a stepped circular cylindrical shell is depicted with two ended-and several intermediate-supports and under a ring load excitation at middle of an arbitrary segment of the shell. As a general case, it is possible to choose any arbitrary function, including concentration point loading, in the circumferential direction using Fourier expansions. Effects of the ring harmonic loading on structural responses of the shell, can be obtained using the wave motion analysis within the shell in the vicinity of the loading position. Continuity and force balancing between i th and (i+1) th segments of the shell exactly at the loading position are satisfied by the following relations:
where, indices i and i+1 in the above equation are referred to the left and right sides of the loading positions, respectively. Furthermore, L is the ring loading vector consists of force and moment loading in the relevant directions as follows: 
or in the vector-matrix form it can be written as:
where, 
From the wave motion analysis in the both sides of the loading position we can find:
where, matrices of i  and 1   i are defined as:
By eliminating
a from Eqs. (40) and (41) we can write: 
where, n L is vector of Fourier parameters, and it can be obtained as follows:
For modeling the point load excitation in arbitrary position on the shell, e.g. x=0 and 0 θ θ  , in Figure 5 , the point load can be expressed in terms of Dirac delta function: 
In the above equation, ing accuracy. Using Eqs. (7), (8) and (10) 
Accordingly, using Eqs. (43) and (48), all of displacement responses for the i th and (i+1) th segments of the shell can be obtained for arbitrary positions on i th and (i+1) th segments of the shell. In a same manner and by using Eqs. (23) and (31), similar relationships for the other segments of the shell can be founded easily.
NUMERICAL RESULTS
In this section, free and forced vibrations of stepped circular cylindrical shells affected by their supports characteristics, will be examined using the defined vector-matrix relations of VWM in the previous sections. In some possible cases, the results of VWM will be compared with the numerical results of FEM and the results available in the literature. Here, the following common geometrical and mechanical properties are adopted for the cases studies: the shell mean radius a=1 m, density ρ=7800 kg/m 3 , Young modulus E=210 GPa and Poisson's ratio μ=0.3. Moreover, all results and charts are determined with the help of a self-written program in MATLAB. All of the obtained results are calculated with a PC with a dual core CPU of type of Intel Pentium G3220 (3.00GHz) and 3.39GB useable ram. However, as the code was not optimized for parallel computing, practically only one CPU of the computer was utilized in calculations.
To examine the effects of the support characteristics on natural frequencies and structural responses of the issue, certain types of flexible supports are utilized. The flexible supports are E I to E V , which are defined as follows:
Indicates that the support is rigid in the all directions except one flexible direction, i.e. r or θ or rθ direction, respectively. E IV , E V : Indicates that the support is free in the all directions except one flexible direction, i.e. r or θ direction, respectively. Assuming very large stiffness for the springs at the supports (e.g. 10
30
) of the shell with flexible supports, the VWM with flexible supports reduces to VWM for a shell with rigid classical boundary conditions. For example, for the boundary conditions of Shear Diaphragm (SD) all the radial and circumferential stiffness should be considered as Kr= Kθ≈∞ and the rotational and axial stiffness should be equal to zero, i.e. Kx=0 and Krθ=0, and so on. Tables 1 and 2 are regulated to compare the results of frequency analysis of a stepped shell with elastic ended supports using the proposed method and those reported in Qu et al. (2013) and Chen et al. (2015) . Qu et al. (2013) have solved the issue of free and forced vibration analysis in a stepped shell with flexible ended supports using a numerical approach, modified variational principle and leastsquares weighted residual method mixed by domain decomposition method (DDM). In a same manner, Chen et al. (2015) have utilized Flügge thin shell theory and the wave based method or WBM, and they have analyzed the same issue, adopted by Qu et al. (2013) , under a point load excitation. Hence, by considering the presence of only one step at the shell geometry and neglecting the interior supports, i.e.
in Eq. (19), as those in Qu et al. (2013) and Chen et al. (2015) , a comparison between the results of VWM and the results reported by Qu et al. (2013) and Chen et al. (2015) is performed. The results of this comparison are summarized in Table 1 . The symbol of m in Table 1 denotes the axial mode number. As it can be seen in Table 1 , there is a good agreement between the results of VWM and the results available in literature for the case of a stepped shell with flexible supports. Table 2 shows the frequency analysis in free vibrations of a three stepped cylindrical shell with different axial lengths and SD-SD ended supports obtained by using VWM and the results obtained based on DDM by Qu et al. (2013) and WBM by Chen et al. (2015) , respectively. By neglecting all flexible intermediate supports, namely
in Eq. (19), the present work is comparable with those reported by Qu et al. (2013) and Chen et al. (2013) . Despite of differences in shell theory used by Qu et al. (2013) , table 2 indicates a good proximity between all results obtained by the proposed method and those given in the literature.
To examine the accuracy of the VWM in the presence of intermediate supports, the results of present method are compared with the results of Xiang et al. (2002) . In the study of Xiang et al. (2002) presented an exact solution, a state-space technique (SST), to solve the problem of vibrations of a uniform circular cylindrical shell based on the Goldenveizer-Novozhilov shell theory by using different classic ended supports e.g. clamped (CL), SD, and free (F) supports and different numbers of intermediate rigid supports. In order to a possible comparison with the study of Xiang et al. (2002) , the thickness of the shell in the present study should be considered as uniform. Hence, the interface matrices of ψ and  are required to be equal for each segment, i.e.
in Eq. (19). In fact, Eqs. (3) and (10) all are independent from the shell lengths in each segment, and the lengths of the shell segments only appear in the propagation matrix relations. Comparison of the frequency factor obtained for a uniform shell by VWM and SST for diverse circumferential and axial mode numbers, i.e. n=1, …, 3 and m=1,…,4, is made in tables 3 and 4 in the presence of two and three numbers of intermediate RS, respectively. Despite the differences in the applied theory in this study and those utilized in the reference Xiang et al. (2002) , a very good proximity of the given results with both methodologies can be seen, especially in the case of thinner shells. Figures 6 show the effect of the wave barriers location on the natural frequencies of circular cylindrical shells. Here, the examined barriers are of type of shell step and intermediate radial supports (RS) . In order to make a fair comparison, all conditions are considered the same as those given in Chen et al. (2015) . Hence, the geometrical and mechanical considerations in the presence and the absence of the intermediate support are as follows: the thickness ratio h1/a=0.01, the step thickness ratio h1/h2=0.25, 0.5, 2, and 4, the length to radius ratio L/a=5, and 10 and finally step location (Chen et al. (2015) ).
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Great impact of the existence of interior support on increasing of both beam mode-and fundamental-frequency factors is clearly visible in the all cases considered for Figures 6. It is a very logical phenomena where happened due to the increase of the whole system rigidity, affected by the applied interior support. Hence, depending on the thickness ratio h2/h1, the greatest variation of all frequencies approximately, occurs for the intermediate type of RS, applied in an interval of 0.4<L1/L<0.6. As it can be seen in these figures, the maximum fundamental frequency factor for all of the shell length ratios, i.e. L/a=5 and 10, in the presence of intermediate RS, happened in thickness ratio of h2/h1=0.25 and in the position ratio of L1/L=0.4. However, in the case of maximum beam mode frequency factor, depending on the shell length ratio, it happens in thickness ratio of h2/h1=0.25 for L/a=10 or thickness ratio of h2/h1=0.5 for L/a=5. 
Mode Shapes
Using Eq. (26) or (34), it is possible to obtain all mode shapes of the cylindrical shell. In this section, radial mode shapes for beam modes, i.e. n=m=1, in the axial directions of a shell with different numbers of intermediate RS and SD-SD ended supports are plotted in Figures 7 to 9 (By these considerations we are able to tracing satisfaction of the support conditions and continuity, simultaneously). Two cases for examination their mode shapes are considered here. In the first case a uniform shell and in the next case a stepped shell with different numbers of intermediate ring supports are considered here.
In the case of a uniform shell, the effects of shell thickness on mode shapes corresponding with beam mode frequencies are depicted in Figures 7 for two shell lengths, i.e. L/a=10 and 5, respectively. In this figure, the normalized radial displacement are plotted for h/a=0.01, 0.05 and 0.1 in the presence of three numbers of intermediate RS. Due to the geometry and support condition chosen for the issue, symmetrical mode shapes are expected. As can be seen in these figures, the slope of the However by changing the shell thickness from case 1-2 to case 3-2, radial deformations in normalized modes are graded and mostly tended to the thinner sides of the shell.
Forced Vibration
In this section a stepped circular cylindrical shell with SD-SD ended supports and three intermediate supports of different types is considered. Other considerations are: Length ratio, L/a=5, thickness ratios h1/a=0. 01 and h2/h1=2, h3/h2=2, h4/h3=2 . In all of the following figures, the amplitude of the point load excitation is considered 100 N. The point loading are applied on the shell at 
Verification of VWM Results
To achieve accurate results with low calculation time, minimum numbers of truncation of circumferential mode number, n, which was described in Sec. 6, is required to be determined. 
Point Loading and Flexibility Intermediate Supports
Stepped shell response to the radial and axial point load excitations at x1/L1=0.5 is evaluated in Figures Figures 12a and 12b illustrate radial and axial responses of the shell under radial excitation, respectively. In a same manner, the radial and axial responses of the shell under axial excitation are illustrated in Figures 12c and 12d , respectively. In an overall conclusion from these figures the following results can be concluded: the effect of the support characteristics on the structural radial and axial responses of the shell is directly related to the distance of the support position to the excitation position. It is interesting that the axial shell responses are more sensitive to the characteristics of remote supports in the presence of the radial excitations. Vice versa, in the presence of axial excitations, the radially shell response is more sensitive to the characteristics of the remote supports from the loading location, i.e. the supports that are positioned far from the loading location. This conclusion is important for non-destructive tests (NDT) purposes and fault detection of the applied supports.
Distributed Damping Effects
The effect of the structural damping, in the form of distributed damping type, on the radial and axial displacement response is depicted in Figures 13a and 13b . From these figures, it is clear that the amplitudes of peaks decreases proportional to the magnitude of the structural loss factor γ. However, the corresponding frequencies of the peaks do not show any significant dependency on γ and almost the peaks are independent of γ. However, in elsewhere except peak positions, the shell amplitudes, ap- 
CONCLUSION
The main objective of this paper was proposing an extensible method for analysis of free and force vibration of shells with arbitrary numbers of steps and flexible intermediate supports. To model the issue and based on Flügge thin shell theory, a stepped circular cylindrical shell was considered with two ended-and many intermediate-supports, which all of them are flexible with independent characteristics. The support conditions as well as the continuity of the stepped shell were satisfied accurately by introducing wave vectors going in the positive-negative direction along with the shell axis and determining relevant reflection and propagation matrices. Based on VWM, contiguous and extensible matrix-kind relations were proposed for free and forced vibration analysis of the issue where contained of a. Structural responses of a vibrating shell are highly affected by the properties of its intermediate supports, and ignoring this important finding by using simplifying assumptions (classical supports) can lead to significant errors in prediction of vibrational behavior of the issue. b. According to the obtained results, the proposed method, as an analytical method, provides accurate results in both free and forced vibrations of the shell without any limitation in properties and numbers of the steps or the flexible intermediate supports which were applied. c. In an overall comparison, the proposed method shows a great numerical performance versus FEM especially in the case of point load excitations of the issue. In this case, although a great numbers of truncated modes is needed to be superposed, the required computational time by VWM was about 159 times less than that given by FEM ANSYS. d. The obtained results show that the axial (radial) shell responses are more sensitive to the characteristics of remote supports in the presence of radial (axial) excitations. This could be an important conclusion for fault detection of the applied supports. It should be noted at this end that the proposed method is fully capable for applying to accurate design of several flexible supports with arbitrary properties for a certain stepped cylindrical shell along with the shell axis. We believe that the proposed method can be extended and tackles complicated issues such as non-homogeneous shells and shells made of composite layers or functionally graded materials. The present method also seems capable of being applied as a powerful basis for control of the shell vibration problems and predicting and verifying the NDT results which can be subject of future studies. 
APPENDIX D. THE WAVE NUMBER AND FREQUENCY ANALYSIS
The roots of the Eq. (4) represent the behavior of the elastodynamic wave propagation in the shell to the frequency changes. In this regard, four out of eight possible roots of wave numbers obtained are
